Abstract. Our splitter theorem for internally 4-connected binary matroids studies pairs of the form (N, M ), where N and M are internally 4-connected binary matroids, M has a proper N -minor and there is no internally 4-connected matroid that lies strictly between N and M in the minor-order on binary matroids. The analysis in the splitter theorem requires the constraint that |E(M )| ≥ 16. In this technical report, we complement that analysis by using an exhaustive search to find all such pairs satisfying 6 ≤ |E(N )| < |E(M )| − 3 < |E(M )| ≤ 15.
Introduction
For some time, we have been engaged in a project to develop a splitter theorem for internally 4-connected binary matroids [2, 3, 4, 5, 6] . This means that we are concerned with understanding what we refer to here as interesting pairs. An interesting pair is a pair (N, M ), where N and M are internally 4-connected binary matroids such that
• |E(N )| ≥ 6; • M has an N -minor; • |E(M )| − |E(N )| > 3, and;
• there is no internally 4-connected matroid, M , satisfying |E(N )| < |E(M )| < |E(M )| such that M has an N -minor, and M has an M -minor.
It has been known for some time that there are interesting pairs with |E(M )| − |E(N )| arbitrarily large; indeed, this is true even if we insist that N and M are graphic matroids, since we can produce an interesting pair by setting N to be the graphic matroid of a cubic planar ladder, and letting M be the graphic matroid of a quartic planar ladder on the same number of vertices. However, our project has shown that only a small number of constructions are needed to build M from N , whenever (N, M ) is an interesting pair.
The analysis in our project requires M to be a certain size, so our splitter theorem applies only when |E(M )| ≥ 16. To complement this result, the main theorem in this technical report contains a complete description of all interesting pairs satisfying |E(M )| ≤ 15. Up to duality, there are exactly 31 such pairs. All the graphs and matroids referenced in the theorem are described in the next section. • N is M (K 4 ), and M is one of M (K 5 ) or M (Q 8 );
• N is We prove this theorem with an exhaustive search, using the matroid functions in the sage mathematics package, version 6.2 [11] . All the computations performed in this search were performed on a single desktop computer, and took a total of approximately 54.35 hours of computation. The code used in the search is available from http://homepages.ecs.vuw.ac.nz/~mayhew/ splittertheorem.shtml. Some of the objects created during the search, such as the catalogue of 3-connected binary matroids with at most 15 elements, required a non-trivial amount of computation. Those objects are also available at the same site.
Graphs and matroids
In this section we introduce all the graphs and matroids that appear in the statement of Theorem 1.1. Figure 1 shows all the graphs that we have mentioned. The Fano plane, F 7 , is the rank-3 matroid shown in Figure 2 .
The rank-6 binary matroid, T 12 , is represented over GF(2) by the following reduced matrix. It was introduced in [8] , and the same paper contains a proof that it has a transitive automorphism group. Therefore the matroids T 12 \e and T 12 /e, produced by deleting and contracting an element from T 12 , are well-defined. A simple rank-r binary matroid, M , can be considered as a subset of points, E, in the projective geometry PG(r − 1, 2). The complement of M is the binary matroid corresponding to the set of points of PG(r − 1, 2) not in E. The complement of M is well-defined by [9, Proposition 10.1.7] , meaning that it depends only on M , and not on the choice of E. In particular, if two simple rank-r binary matroids have isomorphic complements, then they are themselves isomorphic. The complement of M * (K 3,3 ) is U 2,3 ⊕ U 2,3 . Therefore M * (K 3,3 ) has a unique simple rank-4 binary extension (the complement of U 2,3 ⊕U 2,2 ). This extension is known asK 5 , and is represented over GF(2) by the reduced matrix, A, shown in Figure 3 . Figure 4 shows a geometric representation ofK 5 . The matroids A 1 , A 2 , A 3 , A 4 , and A 5 are represented by the reduced matrices shown in Figure 5 . Thus each of A 1 , A 2 , A 3 , A 4 , and A 5 is a rank-8 binary matroid with 14 elements, and each contains a 4-element independent set whose contraction produces a minor isomorphic toK 5 . The matroids A 6 and A 7 are represented by the matrices in Figure 6 . We can producẽ K 5 -minors by contracting some 3-element independent set and deleting a single element from A 6 , or by contracting some 4-element independent set and deleting a single element from A 7 . The complement of M (K 5 ) in PG(3, 2) is isomorphic to U 4,5 . From this it follows that the unique simple rank-4 binary extension of M (K 5 ) is the complement of U 4,4 . We denote this extension by P . The matrix B, shown in Figure 3 , represents P over GF (2) . Note that P \10 is isomorphic to M (K 5 ), and that 10 is on a triangle with 4 and 9, where these two elements correspond to a matching in K 5 .
The matroids B 1 , B 2 , B 3 , B 4 , and B 5 are represented by the matrices in Figure 7 , so we can obtain a P -minor from each of them by contracting some 4-element independent set.
Let Q be the matroid represented by the matrix C, below. Note that Q is obtained by extendingK 5 by the element 10 in such a way that {0, 8, 10} is a triangle. The complement of Q in PG(3, 2) is isomorphic to U 2,3 ⊕ U 1,1 . The matroids C 1 , C 2 , C 3 , and C 4 are represented by the matrices in Figure 8 . From each of them, we can contract some 4-element independent set to obtain a Q-minor. There are two matrices in Figure 9 . The matrix D represents the binary matroid R. Note that R is obtained from M (K 5 ) by coextending by the element 10 so that 10 is in a triad with two elements that correspond to a 2-edge matching in K 5 . Therefore R is isomorphic to the matroid obtained from P by performing a ∆-Y -operation on the triangle {4, 9, 10}. The matroid D 1 contains an R-minor, which is obtained by contracting a 4-element independent set. The matrices in Figure 10 represent the matroids S and E 1 . The matrix E represents S, so S is isomorphic to the binary matroid obtained by coextending M (K 5 ) in such a way that the coextension element is in a cocircuit with three edges that lie in a 4-vertex path of K 5 . The matroid E 1 is isomorphic to the dual of A 7 . Finally, the matroid T is represented by the matrix F , and F 1 is represented by the matrix shown in Figure 11 . We can obtain T fromK 5 by coextending by the element 10 so that it is in a triad with 0 and 8. Thus T can also be obtained from Q by a ∆-Y -operation. 
Proof of the main theorem
This section is dedicated to the proof of Theorem 1.1. Assume that (N, M ) is an interesting pair that contradicts the statement of the theorem.
Certainly |E(N )| ≤ 11, since |E(M )| ≤ 15, and (N, M ) is an interesting pair. Assume that |E(N )| < 10. First consider the case that |E(N )| = 6, so that N is isomorphic to M (K 4 ). If M has a proper minor, M , such that |E(M )| − |E(M )| ≤ 3, and M is internally 4-connected, then M has an M (K 4 )-minor [10, Corollary 12.2.13], and hence (N, M ) is not an interesting pair. Therefore M has no such minor, so we can apply our chain theorem [1, Theorem 1.3] . Since |E(M )| ≤ 15, it follows from that theorem that M is the cycle matroid of a planar or Möbius quartic ladder, or the dual of such a matroid. The only planar quartic ladder with fewer than 16 edges is the octahedron, which is the dual graph of Q 8 , the cube. The only Möbius quartic ladders with fewer than 16 edges have 14 or 10 edges. The former has the latter as a minor, and the latter is isomorphic to K 5 . From this we deduce that, up to duality,
, and that therefore (N, M ) is not a counterexample after all. Hence 6 < |E(N )| < 10, and, up to duality, N is isomorphic to F 7 or M (K 3,3 ). (This well-known and easy to check, but it will also be confirmed by the subsequent exhaustive search.)
From this point, we use almost exactly the same arguments as in [4, Lemma 2.6]. Assume N is F 7 , so |E(M )| ≥ 11. We can use [12, Corollary 1.2] to deduce that M is isomorphic to T 12 \e or T 12 /e, so (N, M ) fails to contradict the theorem. Therefore we assume N is M (K 3,3 ), and hence |E(M )| ≥ 13. Now we can use [7, Lemma 2.3] to deduce that M is isomorphic to one of the graphic matroids
Again this is a contradiction, as it implies that (N, M ) is not a counterexample, so the proof of 3.1.1 is complete.
At this point it is appropriate to verify that the pairs mentioned in 3.1.1 are indeed interesting. We do this using the matroid capabilities of sage. First we want to allow access to certain special functions of the sage matroids package.
from sage.matroids.advanced import *
We require a command that will test whether a matroid is 3-connected. This command examines every subset, X, of the ground set of M . If it discovers that |X|, |E(M ) − X| ≥ 2, and r(X) + r(E(M ) − X) − r(M ) < 2, then it sets the flag ThreeCon to be False. At the end of the computation, it returns the Boolean value ThreeCon.
Next we will require a test for internal 4-connectivity. We could write this command in the same way as the previous command. However, later in the computation, we will need to apply the internal 4-connectivity test tens of thousands of times over. Therefore we put a little more effort into engineering it for efficiency. This command works for 3-connected matroids with a ground set of size n, where 0 ≤ n ≤ 15. For each such n, the command considers each subset, X, of size between 4 and n/2 , and checks that r(X)+r(E(M )−X)−r(M ) > 2. If this is the case, it returns True, and otherwise it returns False.
Next we define a function that will test whether a pair (N, M ) is interesting. In the following code, and elsewhere, note that the command First the function tests that M has an N -minor and |E(M )|−|E(N )| > 3. If this is not the case, it returns False. Otherwise, it considers all flats, F , of M such that 0 ≤ r(F ) ≤ r(M ) − r(N ). If M/F has a proper N -minor, then it considers subsets, D, of E(M/F ). If F is the rank-0 flat (which we assume to be empty), then D is constrained to contain at least one element. In any case, D is constrained so that |D| < |E(M )| − |E(N )| − |F |. Thus D ranges over all subsets such that |E(N )| < |E(M/F \D)| < |E(M )|. If M/F \D is internally 4-connected and has an N -minor, then the Boolean value Between is set to be True. At any time, if Between is found to be True, then the function breaks out of the loop. Finally, it returns the negation of Between.
Now we can test the pairs that have arisen in the proof up to this point. By duality, we may assume that r(M ) ≤ r * (M ). As |E(M )| ≤ 15, the next result is a consequence.
r(N )
We create an object that will contain the catalogue of all 3-connected binary matroids with ground sets of cardinality between 6 and 15 and rank at most 7. This object is a library, containing 10 lists, each indexed by an integer between 6 and 15. Each list itself contains eight lists, indexed by integers between 0 and 7. Thus, if 6 ≤ n ≤ 15, and 0 ≤ r ≤ 7, then Catalogue[n][r] is the list indexed by r, contained in the list indexed by n; that is, it is the list of all 3-connected binary matroids with rank r and a ground set of size n. We initialise by creating empty lists. Every 3-connected binary matroid with at least 6 elements contains an M (K 4 )-minor [10, Corollary 12.2.13]. We are going to populate our catalogue by starting with this matroid, and enlarging the catalogue through single-element extensions and coextensions. When we extend, we ensure we produce no coloops, no loops, and no parallel pairs. Dually, when we coextend, we create no loops, coloops, or series pairs. Thus we only ever create 3-connected matroids [9, Proposition 8.1.10]. Every 3-connected binary matroid can be constructed in this way, with the exception of wheels [10, Theorem 8.8.4 ], so we manually input the wheels of rank 3, 4, 5, 6, and 7. In this way, we guarantee that our catalogue will contain every 3-connected binary matroid with suitable size and rank.
At any time, we can save our current catalogue with a command of the following type.
save (Catalogue, "/SampleFolder/catalogue.sobj")
We are then able to recover our saved work with the following command. Catalogue = load("/SampleFolder/catalogue.sobj") Now we define the command Populate, which we will use to fill in the entries in our catalogue. On input n, the command fills in all entries of the catalogue corresponding to matroids with ground sets of size n. It does this by letting the rank, r, range from 0 to 7, and considering all matroids of rank r in the catalogue of matroids with ground sets of size n − 1. For each such matroid, N , it generates the list of non-isomorphic simple single-element extensions of N , using the built-in command get_nonisomorphic_matroids. It then adds these extensions to the catalogue of rank-r, size-n matroids, as long as they are not isomorphic to matroids already appearing there. If r is greater than zero, it then performs the same actions using cosimple single-element coextensions. Finally, it prints the number of matroids it has generated.
def Populate(n):
for r in range (8) Generating the catalogue of binary matroids up to size 13 takes only a few minutes. Now we work through our catalogue of all 3-connected binary matroids, and pick out those that are internally 4-connected. As before, we create an object that will be our catalogue of internally 4-connected matroids.
IFCCatalogue={} for i in range (6, 16) :
We construct a command that will populate our catalogue with internally 4-connected matroids. These are the results when we apply the command to fill our catalogue. Since F 7 and M (K 3,3 ) are internally 4-connected, from these commands it follows that, as stated earlier, the only internally 4-connected binary matroids with seven, eight, or nine elements are F 7 , M (K 3,3 ), and their duals. These computations show that there are exactly 24 internally 4-connected binary matroids with ground sets of cardinality 10 or 11. We put these matroids into a list of possible "target" matroids: We wish to process each of the internally 4-connected matroids in our catalogue with a ground set of cardinality 11, 12, 13, or 14, and record which of the 24 "target" matroids it has as a proper minor. This code lets the variable r range between 0 and 7. For each r, the variable i indexes a matroid, M, contained in the list IFCCatalogue [15] [r], and M ranges over all matroids in this list. We are trying to determine if there is an interesting pair, containing M, that acts as a counterexample to the theorem. Recall that Targets contains a list of the 24 matroids with 10 or 11 elements that could possibly be the other matroid in this pair. When processing M, we set Possibles to initially be {0, 1, . . . , 23}. This set will record the indices of matroids in Target that can possibly be the other matroid in the pair. If M does not contain a minor isomorphic to Targets[k], then we discard k from Possibles. Indeed, throughout the process, we seek to discard indices from Possibles. If at any time, there are no indices left in Possibles, then we know that M cannot be in the interesting pair we seek, so we move to the next matroid. Assuming that Possibles is not empty, we let size range between 14 and 11 (starting at 14), and we let rank range between r and r − (15 − size). We seek internally 4-connected matroids with the parameters size and rank that are proper minors of M. (This is why we do not allow rank to be less than r − (15 − size), since no minor of M with ground set of cardinality size can have rank lower than this.) Now we let j index a matroid in the list IFCCatalogue[size] [rank] . Let the indexed matroid be M . If M has no minor isomorphic to Targets[k], where k is in Possibles, then we will not be able to use M to discard any more indices in Possibles. So if this is the case, we do not consider M any further. On the other hand, as soon as we find a k in Possibles such that M has a minor isomorphic to Targets[k], we move to the next stage of the process. In this stage, we first of all test that M has an M -minor. In the case that it does, we let k range through all of the indices in {0, 1 We now seek to find the interesting pairs, (N, M ), where |E(M )| = 14. This implies that |E(N )| = 10. Since the only matroids in the list Targets with ground sets of cardinality ten are those with indices in {0, 1, . . . , 5}, we change the code so that Possibles is initially set to {0, 1, . . . , 5}. We also let size range between 13 and 11, instead of 14 and 11. %time for r in range (8) The tuples (14, 7, 3291, 0) and (15, 7, 0, 4) correspond to (K 5 , A 6 ) and (K 5 * , A * 7 ).
